Abstract. We develop methods for computing graded K-theory of C * -algebras as defined in terms of Kasparov theory. We establish graded versions of Pimsner's six-term sequences for graded Hilbert bimodules whose left action is injective and by compacts, and a graded Pimsner-Voiculescu sequence. We introduce the notion of a twisted Pgraph C * -algebra and establish connections with graded C * -algebras. Specifically, we show how a functor from a P -graph into the group of order two determines a grading of the associated C * -algebra. We apply our graded version of Pimsner's exact sequence to compute the graded K-theory of a graph C * -algebra carrying such a grading.
Introduction
This paper has two objectives. The first is to develop techniques for computing graded K-theory of C * -algebras as defined in terms of Kasparov theory, with a view to expanding on Haag's computation of graded K-theory of Cuntz algebras [13, 14] . The second is to introduce twisted P -graph algebras, generalising [3, 4, 33] , and use them to study connections between Z 2 -gradings of C * -algebras, and the twisted k-graph C * -algebras studied in [21, 22] . The idea is that Z 2 -valued functors on P -graphs determine gradings of the associated C * -algebras. The twisted C * -algebras associated to {−1, 1}-valued 2-cocycles on cartesian products of P -graphs can then be used to model graded tensor products of graded C * -algebras. We begin by discussing graded K-theory for C * -algebras. Although K-theory for graded Banach algebras has been extensively studied by Karoubi (see, for example, [16] ), the modern literature on complex graded C * -algebras essentially begins with the work of Kasparov [17, 18] on KK-theory. Various definitions of graded K-theory for graded C * -algebras have been used in the literature (see [5, 6, 12, 13, 14, 35, 39 ] to name but a few). We take as our definition of K gr 0 (A) the Kasparov group KK(C, A) for the graded C * -algebra A, and likewise define K gr 1 (A) := KK(C, A ⊗ Cliff 1 ) where Cliff 1 is the first complex Clifford algebra. We establish that perturbing the grading of a C * -algebra A by conjugation by an odd self-adjoint unitary in M(A) does not alter the graded K-theory of Key words and phrases. KK-theory; graded K-theory; C * -algebra; P -graph; twisted C * -algebra; graded C * -algebra. This research was supported by the Australian Research Council, grant DP150101598. Part of this work was carried out while the third-named author was at the Centre de Recerca Mathematica, Universitat Autónoma de Barcelona as part of the Intensive Research Program Operator algebras: dynamics and interactions in 2017. The first author would like to thank his coauthors for their hospitality and support while visiting the University of Wollongong where much of this work was done. He would also like to acknowledge support from Simons Foundation Collaboration grant #353626.
A. In particular, we show that the graded K-theory of the crossed product of a C * -algebra A by its grading automorphism is identical to the graded K-theory of A ⊗ Cliff 1 .
To help compute graded K-theory in examples, we revisit the work of Pimsner in [29] to show that his six-term sequences in KK-theory for Cuntz-Pimsner algebras are also valid, with suitable modifications, for graded C * -algebras. Unlike Pimsner, we restrict to Hilbert bimodules in which the left action is both compact and injective. We obtain a 6-term exact sequence in graded K-theory, which in turn gives a Pimsner-Voiculescu sequence for graded crossed products by Z.
We next develop substantial classes of graded C * -algebras to which we can apply our theorems. We introduce twisted P -graph C * -algebras by straightforward generalisation of the notion of a twisted k-graph algebra. We establish a number of fundamental structure results for these C * -algebras, including a version of the gauge-invariant uniqueness theorem, to help us make identifications between these C * -algebras and key examples later in the paper. We prove that if P has the form N k × F where F is a countable abelian group, then every P -graph is a crossed product of a k-graph by an action of the group F , in a sense analogous to that studied in [9] .
We next discuss how a functor from a P -graph to Z 2 induces gradings of the associated twisted C * -algebras. We show that if Z 2 denotes a copy of the order-two group Z 2 , regarded as a Z 2 -graph with one vertex, then C * (Z 2 ), under the grading induced by the degree functor, is isomorphic to Cliff 1 . More generally, we consider the situation where
. Any P -graph Λ carries both a natural functor δ Λ taking values in Z 2 , and a natural {−1, 1}-valued 2-cocycle c Λ . We establish a universal description of the graded twisted C * -algebra determined by this functor and cocycle. These threads come together when we study graded tensor products in terms of cartesian products of P -graphs. We prove that if Λ is a P -graph, Γ is a Q-graph, and we consider the associated graded, twisted C * -algebras for the functors and cocycles described in the preceding paragraph, then the graded tensor product is isomorphic to the graded twisted C * -algebra of the (P × Q)-graph Λ × Γ under its own natural cocycle and functor. Combining this with the results of previous sections, we show that the higher complex Clifford algebras can be realised as graded twisted P -graph algebras for appropriate P , and also that graded tensor products of graded twisted P -graph algebras with Cliff 1 can be realised as graded twisted (P × Z 2 )-graph algebras.
We apply our graded Pimsner sequence to the C * -algebras of row-finite 1-graphs E with no sources under gradings of the sort discussed above. The result is an elegant generalisation of the well-known formula for the K-theory of a directed graph: if A δ denotes the E 0 × E 0 matrix with A δ (v, w) = e∈vE 1 w (−1) δ(e) , then the graded K-groups of C * (E) are the cokernel and kernel of 1 − A t δ . This recovers Haag's formulas for the graded K-theory of Cuntz algebras [14] . If δ(e) = 1 for all e (this corresponds to the grading of C * (E) coming from the order-two element of the gauge action), then A δ is the negative of the usual adjacency matrix A E , and so K gr * (C * (E)) is given by the cokernel and kernel of 1+A t E . We also apply our results to compute the graded K-theory of certain crossed-products of graph algebras by Z 2 . Our examples and results lead us to conjecture that the graded K 0 -group of a C * -algebra can be described along the lines of the standard picture of ungraded K 0 , as a group generated by equivalence classes of graded projective modules.
We begin by collecting relevant background in Section 2. In Section 3 we introduce graded K-theory in terms of Kasparov theory, and establish some fundamental results about it. In Section 4 we establish graded versions of Pimsner's six-term sequences for Hilbert bimodules with injective left actions by compacts (see Theorem 4.4) and apply them to obtain a graded Pimsner-Voiculescu sequence for grossed products by Z (Corollary 4.6). In Section 5 we introduce twisted P -graph C * -algebras and establish the basic structure theory for them that we will need later in the paper. In Section 6, we discuss gradings of P -graph C * -algebras induced by functors on the underlying P -graphs. In Section 7, we establish our main results about graded tensor products of graded P -graph algebras: Theorem 7.1 shows that for appropriate gradings and twisting cocycles, we have C * (Λ, c Λ ) ⊗ C * (Γ, c Γ ) ∼ = C * (Λ × Γ, c Λ×Γ ). In section 8, we apply our results from Section 4 to calculate graded K-theory for graph C * -algebras (Lemma 8.2). We apply this lemma and our graded Pimsner-Voiculescu sequence to some illustrative examples. We conclude in Section 9 by formulating our conjecture about the structure of the graded K 0 group.
Background
Notation. We will denote the cyclic group of order n by Z n . We frequently regard Z 2 = {0, 1} as a ring, so we always use additive notation for the group operation, and make any identification of Z 2 with {−1, 1} ⊆ T explicit. We typically denote the multiplication operation in the ring Z 2 by ·.
Graded C * -algebras. Let A be a C * -algebra. A grading of A is an automorphism α of A such that α 2 = 1 (α is sometimes referred to as the grading automorphism). We define A 0 := {a ∈ A : α(a) = a} and A 1 := {a ∈ A : α(a) = −a}.
So A 0 , A 1 are closed, linear self-adjoint subspaces of A and satisfy A i A j ⊂ A i+j for i, j ∈ Z 2 . We have A = A 0 ⊕ A 1 as a Banach space. Note that A 0 is a C * -subalgebra of A. Elements of A 0 are called even and elements of A 1 are called odd. To calculate A 0 and A 1 , it is helpful to note that : a ∈ A .
If a ∈ A i then we say that a is homogeneous of degree i and write ∂a = i. If α is the identity map on A then A 0 = A and A 1 = {0}. The resulting grading is called the trivial grading. Since a C * -algebra may admit several different gradings (we discuss explicit examples of this in Examples 8.5 below), we shall frequently write a C * -algebra A with grading α as the pair (A, α).
A graded C * -algebra is inner-graded if there exists a self-adjoint unitary (called a grading operator) U ∈ M(A) such that α(a) = UaU for all a ∈ A. In [2, §14.1] Blackadar calls an inner-grading even. A graded homomorphism π : (A, α) → (B, β) between graded C * -algebras is a homomorphism from A to B which intertwines the gradings (i.e. π • α = β • π).
Given a graded C * -algebra (A, α A ) and homogeneous elements a, b ∈ A, the graded commutator [a, b] gr is defined as [a, b] gr = ab − (−1) ∂a·∂b ba. This formula extends to arbitrary a and b by bilinearity. In particular, if a ∈ A 1 , then
There is a graded tensor product operation for graded C * -algebras, defined as follows. Let (A, α), (B, β) be graded C * -algebras, and A ⊙ B be their algebraic tensor product. This becomes a * -algebra when endowed with multiplication and involution given by
for homogeneous elements a, a ′ ∈ A and b, b ′ ∈ B. We decorate the ⊙ symbol with a hat, ⊙ to indicate that we are using this * -algebra structure on the algebraic tensor product. We write A ⊗ B for the completion of the * -algebra A ⊙B in the minimal tensor-product norm. (If either A or B is nuclear then this agrees with the maximal norm.)
The grading automorphism of A ⊗ B is α ⊗β. So a ⊗ b is homogeneous of degree ∂a+ ∂b if a and b are both homogeneous. We have
It is straightforward to show that the graded tensor product operation is associative
. We have A ⊗ B ∼ = B ⊗ A as graded C * -algebras. For this and other basic facts about graded C * -algebras we refer the reader to [2, §14] .
It may aid intuition to observe that for unital graded C * -algebras A, B, under this grading we have [a
gr for all a ∈ A, and b ∈ B An example of a graded C * -algebra that we shall use very frequently is M 2n (C) with grading automorphism α(θ i,j ) = (−1) i−j θ i,j . This is an inner grading, as it is implemented by the grading operator U ∈ M 2n (C) given by U i,j = (−1) i δ ij . We often write M 2n (C) to emphasise that we are using this grading.
Clifford algebras over C. Following [2, Examples 14.1.2(b)] the C * -algebra A = C ⊕ C has a grading automorphism α given by α(z, w) = (w, z). So (C ⊕ C) 0 = {(z, z) : z ∈ C} and (C ⊕ C) 1 = {(z, −z) : z ∈ C}. This graded C * -algebra is called the first (complex) Clifford algebra [17, Section 2], and we denote it by Cliff 1 with this grading α implicit. As a graded C * -algebra Cliff 1 is generated by the odd self-adjoint unitary u = (1, −1), because, for (z, w) ∈ Cliff 1 , we can write
Note that Cliff 1 is not inner-graded (because it is abelian), and is isomorphic to the group C * -algebra C * (Z 2 ) with grading given by the dual action of Z 2 ∼ = Z 2 . The higher complex Clifford algebras are defined inductively: Cliff n+1 = Cliff n ⊗ Cliff 1 for n ≥ 1. It is straightforward to show that Cliff 2 ∼ = M 2 (C) as graded C * -algebras (see also Example 6.3(i)). Observe that Cliff n is generated by n mutually anticommuting odd self-adjoint unitaries.
For other basic facts about complex Clifford C * -algebras we refer the reader to [2, §14] .
Graded Hilbert modules. Let B be a graded C * -algebra. A graded (right) Hilbert B-module is a Hilbert B-module X together with a decomposition of X as a direct sum of two closed subspaces X 0 and X 1 compatible with the grading of B in the sense that X i B j ⊂ X i+j and X i , X j ⊂ B i+j (the graded components X i need not be Hilbert submodules). We define the grading operator α X on X on homogeneous elements by α X (x) = (−1) j x if x ∈ X j . This α X is not necessarily an adjointable operator. Given a graded Hilbert B-module X we write X op for the same Hilbert B-module with the grading components switched (so α X op = −α X ). The grading operator on X induces a grading α X on L(X) given by
Under this induced grading, T is homogeneous of degree j if and only if T X k ⊆ X j+k for j, k ∈ Z 2 . For ξ, η ∈ X we write θ ξ,η for the generalised compact operator θ ξ,η (ζ) = ξ · η, ζ B . The gradingα of L(X) restricts to a grading of
Naturally B may be regarded as a graded Hilbert B-module B B with inner product a, b B = a * b, right action given by multiplication, and grading operator α B . We write H B for the graded Hilbert B-module obtained as the direct sum of countably many copies of B B . We define
A graded Hilbert B-module which is a finitely generated projective module will be called a graded projective B-module throughout the paper. If X is a graded projective B-module, then K(X) = L(X) and so in particular 1 X ∈ K(X). Kasparov's Stabilization Theorem implies that every graded projective B-module X is isomorphic to p H B for some even projection p ∈ K( H B ). Moreover p H B is a graded projective B-module for any such projection. Given even projections p, q ∈ K( H B ), we have p H B ∼ = q H B if and only if there is an even partial isometry v ∈ K( H B ) such that p = v * v and q = vv * .
C * -correspondences and Cuntz-Pimsner algebras. We briefly recap the notion of a C * -correspondence and of the associated Cuntz-Pimsner algebra and its Toeplitz extension. For a detailed introduction to C * -correspondences, see [24, 32] . For more background on Cuntz-Pimsner algebras, see [29] and [30, §8] .
Given separable C * -algebras A and B, an A-B-correspondence X is a pair (φ, X) consisting of a right-Hilbert B-module X and a homomorphism φ : A → L(X). We regard φ as implementing a left action of A on X by adjointable operators, so we often write φ(a)x = a · x for a ∈ A and x ∈ X. We say that X is full if span{ ξ, η A : ξ, η ∈ X} = A. Any right-Hilbert B-module X may be regarded as C-A correspondence and we write ℓ for the canonical left action of C by scalar multiplication. We say that X is countably generated if there is a sequence (
Note that B B is a countably generated correspondence if B is σ-unital, so in particular if B is separable.
If B is a C * -algebra then there is an isomorphism of M(B) onto L(B B ) that carries a multiplier m to the operator of left-multiplication by m on A. So any homomorphism φ : A → M(B) determines an A-B-correspondence structure on B B . We denote this correspondence by φ B. The isomorphism of M(B) onto L(B B ) carries B onto K(B B ), so the left action of A on φ B is by compacts if and only if φ takes values in B.
If (φ, X) is an A-B-correspondence and (ψ, Y ) is a B-C-correspondence, then the internal tensor product X ⊗ ψ Y is formed as follows: define [·, ·] C on the algebraic tensor product X ⊙ Y by sesquilinear extension of the formula [x ⊙ y,
Then X ⊗ ψ Y is defined to be the completion of (X ⊙ Y )/N in the norm determined by the inner-product ξ + N, η + N C = [ξ, η] C . For x ∈ X and y ∈ Y , we write x⊗y for (x⊙y)+N ∈ X ⊗ ψ Y . There is then a homomorphism
When the actions φ, ψ are clear from context, we frequently write X ⊗ B Y instead of X ⊗ ψ Y . If φ : A → B and ψ : B → C are homomorphisms and ψ is nondegenerate, then
If X is an A-A correspondence, then we can form its tensor powers X ⊗n given by X ⊗0 := A, X ⊗1 := X and X ⊗(n+1) := X ⊗ A X ⊗n . The Fock space of X is the completion F X of the algebraic direct sum ∞ n=0 X ⊗n in the norm coming from the inner product ⊕ n x n , ⊕ n y n A = n x n , y n A . This F X is a C * -correspondence over A with respect to the pointwise actions. Observe that F X is full even if X is not, but that the left action of A on F X is not by compacts even if the action of A on X is.
A representation of X in a C * -algebra B is a pair (ψ, π) where ψ : X → B is a linear map, π : A → B is a homomorphism, and we have
* for all ξ, η ∈ X and a ∈ A. There is a universal C * -algebra T X , called the Toeplitz algebra of X, generated by a representation
To describe the Cuntz-Pimsner algebra of X, we will restrict attention to the situation where the left action of A on X is injective and by compacts. As discussed on [29, Page 202], given a representation (ψ, π) of X in B there is a homomorphism ψ (1) :
We say that the representation (ψ, π) is Cuntz-Pimsner covariant, or just covariant, if ψ (1) (φ(a)) = π(a) for all a ∈ A. The Cuntz-Pimsner algebra O X of X is the universal C * -algebra generated by a covariant representation (j X , j A ) of X; so it coincides with the quotient of T X by the ideal generated by elements of the form i A (a) − i X (φ(a)), a ∈ A. Under our hypotheses, K(F X ) ⊆ T X and is generated as an ideal by
If A is a C * -algebra and α is an automorphism of A, then there is an isomorphism of the Cuntz-Pimsner algebra of the A-A correspondence X := α A onto the crossed product A × α Z that intertwines i A : A → O X with the canonical inclusion ι : A ֒→ A × α Z, and carries i X (a) ∈ O X to Uι(a), where U ∈ A × α Z is the unitary generator of the copy of Z. There is a corresponding isomorphism of T X onto the natural Toeplitz extension of the crossed product (that is, Stacey's endomorphism crossed-product of A by α [40] ).
Elements of Kasparov theory. We introduce the elements of Kasparov theory needed for our work on graded K-theory later. For more background, see [2] .
Let A, B be C * -algebras, and let X be an A-B-correspondence. Given gradings α A of A and α B of B, a grading operator on X is a map α X : X → X such that α
for all a, x, b, and α B ( x, y B ) = α X (x), α X (y) B for all x, y. We call the pair (X, α X ) (or just X if the grading operator is understood from context) a graded A-B-correspondence (see, for example, [15] ).
Given graded C * -algebras A, B, C, a graded A-B-correspondence (X, α X ) and a graded B-C-correspondence (Y, α Y ), there is a well-defined grading operator
; note that if φ : A → B is a graded homomorphism of C * -algebras, then φ B is a graded Hilbert module. If (A, α A ) and (B, α B ) are separable graded C * -algebras, then a Kasparov A-B-module is a quadruple (X, φ, F, α X ) where (φ, X) is a countably generated A-B-correspondence, α X is a grading operator on X, and F ∈ L(X) is odd with respect to the gradingα X described at (2.3) in the sense that F • α X = −α X • F and satisfies
Observe that since F is odd graded, we have [
We say that graded Kasparov modules (X, φ, F, α X ) and
In what follows, C([0, 1]) always has the trivial grading. Fix a C * -algebra B, and for
)-module (X, φ, F, α X ) such that, for t ∈ {0, 1}, and withǫ t : L(X) → L(X ⊗ B B B ) as described in (2.4), the module
is unitarily equivalent to (X t , φ t , F t , α Xt ). We write
and say that these two Kasparov modules are homotopy equivalent if there exists a ho-
We write KK(A, B) for the collection of all homotopy-equivalence classes of Kasparov A-B-modules. This KK(A, B) forms an abelian group with addition given by direct sum:
and identity element equal to the class of the trivial module [B B , 0, 0, id B ]; this class coincides with the class of any degenerate Kasparov A-B-module. As detailed in the proof of [2, Proposition 17.3.3] , the (additive) inverse of a class in KK(A, B) is given by
Let (A, α A ) and (B, α B ) be graded C * -algebras, let (φ, X) be an A-B-correspondence, and suppose that α X is a grading operator on X. If G, H ∈ L(X) are operators for which (X, φ, G, α X ) and (X, φ, H, α X ) are both Kasparov A-B-modules, then an operator homotopy between these Kasparov modules is a norm-continuous map t → F t from [0, 1] to L(X) such that (X, φ, F t , α X ) is a Kasparov module for each t, F 0 = G and F 1 = H. An operator homotopy is a special case of a homotopy in the following sense: the space
-correspondence with left action given by φ(a)(x) (t) = φ(a)x(t) and grading operator α X (x) (t) = α X (x(t)). Moreover, there is an operator F ∈ L(C([0, 1], X)) given by F (x)(t) = F t (x(t)), and then (X, φ,
in the canonical way, we see that (X, φ, F , α X ) is a homotopy from (X, φ, G, α X ) to (X, φ, H, α X ).
There is a category whose objects are separable graded C * -algebras and whose morphisms from A to B are homotopy classes of Kasparov A-B-modules. The composition in this category is called the Kasparov product, denoted ⊗ B : KK(A, B) × KK(B, C) → KK(A, C). The identity morphism for the object (A, α A ) is the class of the Kasparov module (A A , id, 0, α A ). Given a Kasparov A-B-module (X, φ, F, α X ) and a Kasparov B-C-module (Y, ψ, G, α Y ), the Kasparov product
for an appropriate choice of operator H; the details are formidable in general, but we will not need them here. For us it will suffice to consider Kasparov products in which one of the factors has the form [B B , φ, 0, α B ] for some graded homomorphism φ :
is also a Kasparov module, whose class in KK(A, C) we denote by φ * [X, ψ, F, α X ]. Proposition 18.7.2(b) of [2] shows that 
Observe that if (A, α) is a graded C * -algebra, then the discussion above shows that KK(A, A) is a ring under the Kasparov product, with multiplicative identity
By definition of the additive inverse (see (2.5)), the tuple (A, α A , 0, −α A ) is a Kasparov module, and
In this section, we consider graded K-theory for C * -algebras. There does not appear to be a universally-accepted definition of graded K-theory for C * -algebras in the literature to date. We have chosen to take Kasparov's KK-theory as the basis for our definition (see [2, Definition 17.3.1] ). We establish some basic properties of graded K-theory; in particular, that both taking graded tensor products with Cliff 1 , and taking crossed products by Z 2 with respect to a suitable grading, interchange graded K-groups.
The following definition is used implicitly in [13, 14] . 
. Using this at the last step, we calculate
, and it is easy to show that C ⊗Cliff 1 ∼ = Cliff 1 . Hence putting A = C we have
Since Cliff 1 ⊗ Cliff 1 = Cliff 2 , the preceding paragraph applied with A = Cliff 1 gives K
is even and it is trivial otherwise. Before moving on to some tools for computing graded K-theory, it is helpful to relate it to our intuition for ordinary K-theory. We think of K 0 (A) as a group generated by equivalence classes of projections in A ⊗ K so that, in particular, [v
whenever v is a partial isometry. The following example indicates that in graded K-theory similar relations hold for homogeneous partial isometries in graded C * -algebras, but with an additional dependence on the parity of the partial isometry in question. We discuss this further in Section 9
Example 3.5. Let A be a graded C * -algebra with grading automorphism α and suppose that v is an odd partial isometry in K( H A ). We obtain graded Kasparov modules as follows: let p = v * v and q = vv * . By the usual abuse of notation we let α denote the grading operator on H A and observe that if p ∈ K( H A ) is a homogeneous projection then α restricts to a grading operator on the graded submodule p H A ⊆ H A denoted α| p H A . Recall that ℓ denotes the action of C by scalar multiplication on any Hilbert module. We can form the Kasparov modules (ℓ, p H A , 0, α| p H A ) and (ℓ, q H A , 0, α| q H A ). We claim that the classes
which is unital with unit p, and so all adjointables are compact. In particular the zero operator F = 0 trivially has the property that
is operator homotopic to a degenerate Kasparov module. To see this, note that the module
Since the straight-line path from 0 to F v implements an operator homotopy from (3.1) to (3.2), we conclude that (3.1) represents 0 KK(C,A) as required.
We now discuss how crossed products by Z 2 relate to graded K-theory. Let A be a graded C * -algebra with grading automorphism α. Let v be an odd self-adjoint unitary in M(A) and defineα = α • Ad v. Since α commutes with Ad v, this makes A bi-graded in the sense that it admits two commuting gradings by Z 2 , or equivalently a grading by Z 2 × Z 2 . Let A jk denote the bihomogeneous elements of degree j with respect to α and of degree k with respect to Ad v; that is, a ∈ A jk if and only if α(a) = (−1)
In the following statement and proof, indices in Z 2 are denoted j, k, l, and i is reserved for the imaginary number i = √ −1.
Theorem 3.6. With notation as above there is an isomorphism of graded C * -algebras
where a jk ∈ A jk for j, k, l ∈ Z 2 , and u is the odd generator of Cliff 1 .
Proof. First, we check that φ preserves the grading: The element
Applying φ to both sides, and computing inÃ ⊗ Cliff 1 (withÃ graded byα) we obtain
Since va
So the factors of (−1) k·k ′ cancel, and we obtain
The result follows because A is spanned by its bihomogeneous elements.
Recall that M 2 (C) denotes the algebra of 2 × 2 complex matrices with the standard inner grading (so diagonal elements are even and off diagonal elements are odd). Similarly, let K denote the C * -algebra of compact operators with the standard inner grading. We define
Corollary 3.7. Continuing with the notation of Theorem 3.6, the isomorphism φ :
by the associativity of the graded tensor product. The second assertion then follows from the canonical isomorphism 
Proof. This follows immediately from the final assertion of Corollary 3.7 with A := B ⊗ Cliff 1 and α := (β × 1) •β.
Remark 3.9. With notation as in the above corollary, observe that since the canonical embedding B → B ⋊ β Z 2 may be regarded as a graded homomorphism when B is given the trivial grading and B ⋊ β Z 2 is given the dual grading, there is a natural homomorphism
Then there is a short exact sequence of graded C * -algebras:
where C 0 (R) and C ⊕ C are trivially graded and
Hence by [39, Theorem 1.1] we have a six-term exact sequence: 
, the dual gradingβ becomes the canonical grading on C * (Z 2 * Z 2 ) determined by requiring that both self-adjoint unitary generators be odd. Note that C * (Z 2 * Z 2 ) is the universal unital C * -algebra generated by two projections (see [31] ).
Remark 3.11. Let α be the grading automorphism of C 0 (R) given by α(f )(x) = f (−x) for f ∈ C 0 (R). A computation similar to the above shows that K
4. Pimsner's exact sequences for graded C * -algebras
The main result of this section, Theorem 4.4, shows how to compute the graded Ktheory of the Cuntz-Pimsner algebra of a graded C * -correspondence over a nuclear, separable C * -algebra. We also obtain a graded version of the Pimsner-Voiculescu 6-term exact sequence for crossed products in Corollary 4.6.
To prove our main theorem we follow Pimsner's computation of the KK-theory of the Cuntz-Pimsner algebra O X in [29, §4] , keeping track of the gradings.
Set up. Throughout this section we fix a graded, separable, nuclear C * -algebra (A, α A ), and a graded A-A-correspondence (X, α X ) in the sense of Section 2.
We assume that the left action ϕ : A → L(X) is injective, by compacts (i.e. ϕ(A) ⊆ K(X)) and essential in the sense that ϕ(A)X = X. We also assume that X is full, that is span{ ξ, η A : ξ, η ∈ X} = A. It is not clear that all of these hypotheses are required for our arguments (for example, Pimsner does not require that the left action should be by compacts or injective in [29] ), but they simplify the discussion and cover the examples that interest us most.
Recall that there is an induced gradingα X of L(X) given byα
Lemma 4.1. With notation as above, if α A is trivial, then α X ∈ L(X), and it is an even self-adjoint unitary with respect toα X . Let
x ∈ A} and
Then X ∼ = X 0 ⊕X 1 as A-A-correspondences, and in KK(A, A), we have
Proof. Since α X is idempotent and α A is trivial, for all ξ, η ∈ X we have
For ξ ∈ X 0 and η ∈ X 1 , we have
is the homomorphism defining the left action, then ϕ(A)X j ⊆ X j for Whether or not A is trivially graded, for ξ, η ∈ X, and a ∈ A, we have
and using this we see that there is an isometric idempotent operator α X ⊗α X :
We regard the X ⊗n as graded A-A-correspondences with respect to these operators. When we want to emphasise this grading, we write X ⊗n for the tensor-product module. Under this grading, if ξ 1 , . . . , ξ n are homogeneous, say ξ k ∈ X j k , then ξ 1 ⊗ A · · · ⊗ A ξ n is homogeneous with degree k j k . When convenient we write X ⊗0 for A. If A is trivially graded, then Lemma 4.1 shows that each α ⊗n X is a self-adjoint unitary. Let F X := ∞ n=0 X ⊗n be the Fock space of X [29] . Then F X is a C * -correspondence over A. We write ϕ ∞ for the homomorphism A → L(F X ) implementing the diagonal left action.
The operator α
X is a grading of F X and the induced grading on L(F X ) restricts to gradings α K and α T of K(F X ) and T X respectively. These satisfy
for ξ ∈ X ⊗n and η ∈ X ⊗m . Since these gradings are compatible with the inclusion
If A is trivially graded, then Lemma 4.1 shows that α T and α K are inner gradings; but α O need not be, as we shall see later.
Pimsner's six-term exact sequence in KK-theory. Let i A : A → T X denote the canonical inclusion homomorphism. Then i A determines a Kasparov class
Pimsner constructs a class in KK(T X , A) as follows: Let π 0 : T X → L(F X ) denote the canonical representation determined by π 0 (T ξ )ρ := ξ ⊗ A ρ for ξ ∈ X and ρ ∈ X ⊗n . One checks, using the universal property of T X , that there is a second representation
Arguing as in [29, Lemma 4 .2], we see that π 0 (T ) − π 1 (T ) ∈ K(F X ) for all T ∈ T X . The operator 0 1 1 0 is odd-graded with respect to the grading operator α
, and so for T ∈ T X , using the formula (2.2), we compute the graded commutator:
, which is compact since (π 0 −π 1 )(T ) acts only on the finitely-generated submodule A ⊆ F X .
Hence we obtain a Kasparov module
Since the essential subspace of F X ⊕ F X for π 0 ⊕ π 1 • α T is complemented, replacing F X ⊕F X with the essential subspace for π 0 ⊕π 1 •α T , and adjusting the Fredholm operator accordingly yields a module representing the same class (see [2, Proposition 18.3.6] ). Hence, writing P :
⊗n for the projection onto the orthogonal complement of the 0 th summand, we have
In the ungraded case, the classes [M] ∈ KK(T X , A) and [i A ] ∈ KK(A, T X ) described at (4.2) and (4.1) are denoted α and β in [29, §4] . 
In particular A and T X are KK-equivalent as graded C * -algebras. 
We have
The operator
is a degenerate Kasparov module, and therefore represents the zero class. By (2.6),
For the reverse composition, [2, Proposition 18.
We write π ′ 0 and π
Since X is essential as a left A-module, we have A ⊗ A T X ∼ = T X as graded A-T X -correspondences, so the grading α T implements a left action of T X on A ⊗ A T X . We regard this as an action τ of T X on F X ⊗ A T X that acts nontrivially only on the 0 th summand. Consider the Kasparov module
The essential subspace of the action 0 ⊕ τ is equal to the copy of A ⊗ A T X in the graded
Moreover, the restriction of 0 ⊕ τ to this submodule is just α T . Hence
by (2.6). Therefore,
We claim that there is a homotopy of graded homomorphisms π
is a Kasparov module. To see this, we invoke the universal property of T X . For each t, following Pimsner, define a linear map
Recall that ϕ ∞ : A → L(F X ) denotes the homomorphism given by the diagonal left action of A. We writeφ ∞ for ϕ ∞ ⊗ A 1 T X . We aim to prove that (φ ∞ • α A , ψ t ) is a Toeplitz representation of X for each t ∈ [0, 1]. Since each ψ t is a convex combination of bimodule maps, we see that
for all a, ξ, t. Next we check that ψ t is compatible with the inner product. Note that for all ξ, η, ζ ∈ X the operators (π
and π ′ 1 (T ζ ) have mutually orthogonal ranges in F X ⊗ A T X (the same observation is made in Pimsner's argument, and the only difference between his operators and ours is post-composition with α T ). Given ξ, η ∈ X and t ∈ [0, 1] we have
WriteP for the projection onto (
. Using these two points, and resuming our computation of ψ t (ξ) * ψ t (η) from above, we have
SinceP commutes with the range ofφ ∞ , we have ψ t (ξ)
Thus the universal property of T X ensures that there exists a homomorphism π
The kernel of this operator containsP (F X ⊗ A T X ), and since A acts compactly on ( 
The claim shows that the class (4.4) is equal to the class of
This is a degenerate Kasparov module (just calculate directly that
gr = 0 for all a ∈ T X ), so it represents the zero class. Hence
is a Kasparov module and we have [F X , ι, 0, α ∞ X ] ∈ KK(K(F X ), A). As Pimsner points out, this is the KK-equivalence given by the equivalence bimodule F X . Let j : K(F X ) → T X be the natural inclusion. * -ALGEBRAS, GRADED K-THEORY, AND TWISTED P -GRAPH C * -ALGEBRAS 17 
. Using the representation (4.2) of [M] we therefore obtain
Finally, we obtain two six-term exact sequences as in [29, Theorem 4.9] . For the purposes of computing graded K-theory, we are most interested in the first of the two sequences, and in the situation where B = C; but both could be useful in general. We write i : A → O X for the canonical inclusion. . Let A and B be graded separable C * -algebras such that A is nuclear and let X be a graded correspondence over A such that the left action is injective and by compacts and X is full. Then with notation as above we have two exact six-term sequences as follows. 
These sequences are, respectively, contravariantly and covariantly natural in B. They also natural in the other variable in the following sense: if C is a graded C * -algebra, and Y C is a full graded correspondence over C whose left action is injective and by compacts, and if θ A : A → C and θ X : X → Y constitute a morphism of C * -correspondences, then θ A and the induced homomorphism (θ A × θ X ) : O X → O Y induce morphisms of exact sequences from (4.6) for (A, X) to (4.6) for (C, Y ) and from (4.7) for (C, Y ) to (4.7) for (A, X).
Proof. We just prove exactness of the first diagram: the second follows from a similar argument. Since A is nuclear, so is T X (see, for example, [34, Theorem 6.3] ) and so the quotient map q : T X → O X has a completely positive splitting. Hence [39 
for which the following six-term sequence is exact.
•δ, and consider the following diagram.
The left-hand and right-hand squares commute by definition of the maps δ ′ . Lemma 4.3 implies that the top left and bottom right squares commute. Since q • i A = i as homomorphisms, we have q * • (i A ) * = i * , and so the top right and bottom left squares commute as well. Since all the maps linking the inner rectangle to the outer rectangle are isomorphisms, it follows that the outer rectangle is exact as required.
Naturality follows from naturality of Pimsner's exact sequences, which in turn follows from naturality of the KK-functor for graded C * -algebras [2, Section 17.8].
Corollary 4.5. Let (A, α) be a separable, nuclear graded C * -algebra and let (X, α X ) be a countably generated, graded correspondence over A such that the left action is injective and by compacts and X is full. Then there is a 6-term exact sequence for graded K-theory as follows.
The Pimsner-Voiculescu exact sequence for graded C * -algebras. If (A, α) is a graded C * -algebra, and γ is an automorphism of A that is graded in the sense that it commutes with α, then functoriality of KK shows that γ induces a map γ 0 on K gr 0 (A, α) = KK(C, A) and γ 1 on K gr 1 (A, α) = KK(C, A ⊗ Cliff 1 ). The crossed product A ⋊ γ Z has two natural grading automorphisms, which we will denote by β 0 and β 1 . To describe them, write i A : A → A ⋊ γ Z and i Z : Z → UM(A ⋊ γ Z) for the canonical inclusions. Then for k ∈ Z 2 , the automorphism β k is characterised by
whereγ is the action of T on the crossed product dual to γ. The inclusion i A : A → A ⋊ γ Z is a graded homomorphism with respect to α and β k for each of k = 0, 1.
Corollary 4.6 (Graded Pimsner-Voiculescu sequence)
. Let (A, α) be a separable, nuclear graded C * -algebra and γ an automorphism of A that commutes with α. Fix k ∈ {0, 1} and let β k be the grading automorphism of A ⋊ γ Z described above. Then we obtain a six-term exact sequence in graded K-theory as follows.
(4.10)
The sequence is natural in the sense that if (B, κ) is another graded C * -algebra, θ is an automorphism of B that commutes with κ, and φ : A → B is a graded homomorphism that intertwines γ and θ, then φ and φ × 1 : A ⋊ γ Z → B ⋊ δ Z induce a morphism of exact sequences from (4.10) for (A, α) to (4.10) for (B, κ).
Proof. Let X := γ A as a Hilbert module, endowed with the grading (−1) k α. Write (i A , i X ) for the inclusions of A and X in O X , write j A : A → A ⋊ γ Z for the canonical inclusion, and write U for the unitary element of M(A ⋊ γ Z) implementing γ. Then, as pointed out in [29, Example 3, p.193] , there is an isomorphism ρ : O X → A ⋊ γ Z such that ρ(i A (a)) = j A (a) and ρ(i X (a)) = Uj A (a) for all a ∈ A. It is routine to check that this isomorphism is graded with respect to the grading β k of A ⋊ γ Z and the grading α O of O X induced by the grading α of A and the grading (−1) k α of X. Hence Corollary 4.5 gives an exact sequence (4.11)
k γ * . Since α-and hence α * -has order 2, we deduce that [X] = (−α * ) k γ * , giving the desired six-term exact sequence.
Naturality follows immediately from naturality in Theorem 4.4.
5.
Twisted P -graph C * -algebras and actions by countable groups
We now begin our investigation of how to use P -graphs to construct examples of graded C * -algebras. Let F be a countable (discrete) abelian group, fix k ≥ 0 and let P := N k × F regarded as a cancellative abelian monoid and let G P denote the Grothendieck group of P . Following [4, Definition 2.1], a P -graph consists of a countable small category Λ equipped with a functor d : Λ → P satisfying the factorisation property: if d(λ) = p + q then there exist unique µ, ν ∈ Λ with d(µ) = p, d(ν) = q and λ = µν. We say that Λ is row-finite if
and that it has no sources if vΛ p is nonempty for every v ∈ Λ 0 and p ∈ P . There is a natural pre-order on P given by p ≤ q if q = p + u for some u ∈ P . Note that ≤ need not be a partial order: if F is nontrivial, then ≤ is not antisymmetric.
−1 (0) with P via (p, p) → p, and define r, s : Ω P → Ω 0 P by r(p, q) = p and s(p, q) = q. Finally define composition by (p, q)(q, n) = (p, n). Then Ω P is a P -graph.
(ii) When P is regarded as a category with one object it becomes a P -graph with degree map the identity map, composition the group operation, and range and source both given by the trivial map p → 0. (iii) Every k-graph is a N k -graph. (iv) In particular, when P = N k in Example (ii), we obtain the k-graph with one vertex and one path of each degree in N k . As is standard [21, 22] , we denote this k-graph by T k ; its C * -algebra is isomorphic to C(T k ). (v) Another example we shall use frequently is the 1-graph B n with one vertex and n distinct edges, whose C * -algebra is the Cuntz algebra O n . The "B" here stands for "bouquet" and we sometimes refer to B n as the "bouquet of n loops."
The definition of the categorical cohomology of a k-graph given in [22, §3] applies to P -graphs and we use the formalism and notation from there. In detail, let A be an abelian group and Λ * r the collection of composable r-tuples of elements of Λ. Then Z 2 (Λ, A), the group of normalised 2-cocycles on Λ, consists of all functions f : Λ * 2 → A such that
for all (λ, µ, ν) ∈ Λ * 3 and f (r(λ), λ) = 0 = f (λ, s(λ)) for all λ ∈ Λ (cf. [22, Lemma 3.8]). Furthermore f 1 , f 2 ∈ Z 2 (Λ, A) are cohomologous if they differ by a coboundary: that is there is a map b : Λ → A such that (
As usual, when A = T the group operation is written multiplicatively. The following example of a 2-cocycle on Z l 2 will prove important later. Example 5.2. Let A = Z l 2 for some l ≥ 1. Let Z 2 (A, Z 2 ) be the group of Z 2 -valued group 2-cocycles on A. There is a natural map from Z 2 (A, Z 2 ) to Z 2 (A, T) given as follows: for GRADED C * -ALGEBRAS, GRADED K-THEORY, AND TWISTED P -GRAPH C * -ALGEBRAS 21
For example, consider κ : A × A → Z 2 given by
Then κ ∈ Z 2 (A, Z 2 ). Indeed, κ is biadditive and on pairs (e i , e j ) of generators of Z l 2 , it satisfies κ(e i , e j ) = 1 ∈ Z 2 if j < i and κ(e i , e j ) = 0 ∈ Z 2 if i ≤ j.
Let σ be a permutation of {1, . . . , l}. Define (m
is an automorphism of A, and then for κ ∈ Z 2 (A, Z 2 ) we may form the 2-cocycle
If b : A → T is a function, then δ 1 b is the associated 2-coboundary given by
Lemma 5.3. With notation as above c κ is cohomologous to c κ σ in Z 2 (A, T). Hence there is a map
Proof. Let χ c κ σ : A × A → {1, −1} ⊆ T be the bicharacter of A defined by
for all m, n ∈ A. For generators e i , e j ∈ A we have 
given by taking the residue of each coordinate modulo 2.
Proposition 5.4. Let Λ be a P -graph where
and since ρ is a homomorphism, the map (m, n) → (−1)
It follows immediately from the definition of κ that c Λ (r(λ), λ) = 1 = c Λ (λ, s(λ)). Since d is a functor, for a composable triple λ, µ, ν,
Definition 5.5. Let Λ be a row-finite P -graph with no sources, and c ∈ Z 2 (Λ, T). A Cuntz-Krieger (Λ, c)-family in a C * -algebra B is a function t : λ → t λ from Λ to B such that (CK1) {t v : v ∈ Λ 0 } is a collection of mutually orthogonal projections; (CK2) t µ t ν = c(µ, ν)t µν whenever s(µ) = r(ν); (CK3) t * λ t λ = t s(λ) for all λ ∈ Λ; and (CK4) t v = λ∈vΛ p t λ t * λ for all v ∈ Λ 0 and p ∈ P .
The following lemma is more or less standard.
Lemma 5.6. Let Λ be a row-finite P -graph with no sources, and take c ∈ Z 2 (Λ, T). There exists a universal C * -algebra C * (Λ, c) generated by a Cuntz-Krieger (Λ, c)-family {s λ : λ ∈ Λ}.
Proof. This follows from a standard argument (see, for example [25, Theorem 2.10]) using that the relations force the t λ to be partial isometries.
Let Λ be a row-finite P -graph with no sources. The path space Λ Ω is defined to be the collection of all morphisms x : Ω → Λ where Ω = Ω P is as in Examples 5.1 above. The collection of sets Z(λ) := {x ∈ Λ Ω : λ = x(0, d(λ))}, indexed by λ ∈ Λ, is a basis of compact open sets for a locally compact Hausdorff topology on Λ Ω . For each r ∈ P we define the shift map σ r : Λ Ω → Λ Ω by (σ r x)(p, q) := x(p + r, q + r). We will need to use the path groupoid G Λ of Λ introduced by Carlsen et al. in [4, §2] :
We identify the path space Λ Ω with the unit space
The topology on G Λ is the one with basis U Λ = {Z(µ, ν) : µ, ν ∈ Λ, s(µ) = s(ν)}. This is a locally compact Hausdorff topology on G Λ and G Λ isétale in this topology because s : Z(µ, ν) → Z(µ) is a homeomorphism for each µ. The elements of U Λ are all compact open sets. Given µ, ν ∈ Λ with s(µ) = s(ν) and p ∈ P we have Z(µ, ν) = α∈s(µ)Λ p Z(µα, να).
Proposition 5.7. Let Λ be a row-finite P -graph with no sources and take c ∈ Z 2 (Λ, T). There is a continuous normalised T-valued groupoid 2-cocycle ς c on G Λ and a surjective homomorphism π :
Proof. We follow the argument of [22, §6] , which proves the analogous result in the case that Λ is a k-graph (see [22, Theorem 6.7] ). The only additional difficulty in our current setting is that the notion of minimal common extension for a pair of elements in Λ does not in general make sense in a P -graph. So we must check that we can still construct a partition of G Λ as in [22, Lemma 6.6 ] without using minimal common extensions. We must show that there is a partition Q of G Λ consisting of elements of U Λ such that Z(λ, s(λ)) ∈ Q for all λ ∈ Λ. We first observe that for each p ∈ P the set M p := {(x, p, σ p (x)) : x ∈ Λ Ω } is a clopen set and that M p = d(λ)=p Z(λ, s(λ)). Moreover, the M p are pairwise disjoint, M := p∈P M p is also open and each Z(µ, ν) is either contained in some M p or disjoint from M. This implies that M is also closed, so it is a clopen set. It remains to show that the complement of M can be expressed as a disjoint union of elements of U Λ . Since U Λ is a countable basis, we can write the complement of M as a countable union of sets in U Λ .
Claim: Let Z(κ, λ), Z(µ, ν) ∈ U Λ . Then both Z(κ, λ) ∩ Z(µ, ν) and Z(κ, λ) \ Z(µ, ν) can be expressed as a disjoint union of elements of U Λ .
Note that Z(κ, λ) and This proves the claim. Since intersections and set differences of elements of U Λ can be expressed as disjoint unions of such sets, any countable union of elements of U Λ can also be expressed as a disjoint union of such sets. This gives us the desired partition Q.
The groupoid 2-cocycle ς c is constructed as in [22, Lemma 6.3] (there the cocycle is denoted σ c and the partition is denoted P). By construction of ς c the map λ → 1 Z(λ,s(λ)) constitutes a Cuntz-Krieger (Λ, c)-family. Hence, there is a homomorphism π :
. Moreover, for every Z(µ, ν) ∈ U Λ , we have Examples 5.8. (i) Let Ω P be the P -graph of Examples 5.1(i). Then C * (Ω P ) ∼ = K(ℓ 2 (P )). (ii) Let P be the P -graph from Examples 5.1(ii). Then C * (P ) is isomorphic to the group C * -algebra C * (G P ) of the Grothendieck group of P .
Let (Λ, d) be a P -graph and c ∈ Z 2 (Λ, T). Following [4, Lemma 2.5] we describe the gauge action of G P on C * (Λ, c). For χ ∈ G P and λ ∈ Λ set Lemma 2.5] ) shows that the above formula defines a strongly continuous action of G P on C * (Λ, c).
Proposition 5.9 (Gauge invariant uniqueness theorem). Let Λ be a row-finite P -graph with no sources, and fix c ∈ Z 2 (Λ, T). Let t : Λ → B be a Cuntz-Krieger (Λ, c)-family in a C * -algebra B. Suppose that there is a strongly continuous action β of G P on B satisfying β χ (t λ ) = χ(d(λ))t λ for all λ ∈ Λ and χ ∈ G P . Then the induced homomorphism 
Proof. We argue as in [22, Corollary 7.8] . The cocycled :
. By construction, π intertwines this action with the gauge action. Proposition 5.7 shows that each π(s v ) is nonzero. So the result follows from Proposition 5.9.
Lemma 5.11. (cf. [9, Proposition 3.2]) Let F be a countable abelian group and let Λ be a row-finite k-graph with no sources. Suppose that F acts on Λ by automorphisms g → ρ g .
Proof. For associativity we compute
For the factorisation property we suppose that d(λ, g) = (m + n, h + k). Then µ = λ(0, m) and
To see that this factorisation is unique, suppose that
Example 5.12. Let F be a countable abelian group. We can regard F as a 0-graph and then there is an action τ of F on this 0-graph by translation. So Lemma 5.11 yields an F -graph F × τ F . It is straightforward to check that F × τ F ∼ = Ω F via the map (g, h) → (g, g + h).
Proposition 5.13. Continue the notation of Lemma 5.11. Then there is an actionρ :
Proof. This follows from the universal property of C * (Λ) (cf. [9, Proposition 3.1]).
Theorem 5.14. Continue the notation of Lemma 5.11 and Proposition 5.13. Then (1) there is a unitary representation of u :
for all a ∈ C * (Λ) and g ∈ F ; (4) There is an isomorphism φ×u :
Proof. This follows from the proof of [9, Theorem 3.4] mutatis mutandis.
Examples 5.15. (i) Let B n be the 1-graph with a single vertex v and edges f 1 , . . . , f n (see Example 5.1(v)). Let Z n act on B n by cyclicly permuting the edges. Then
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(ii) Let Λ be a k-graph, let F be a countable abelian group, and b : Λ → F be a functor. Then the skew product graph Λ × b F carries a natural F -action τ (see [20, Remark 5.6] ) given by τ g (λ, h) = (λ, g + h). We have
Theorem 5.16. (cf. [9, Proposition 3.5]) Let P = N k × F where F is a countable abelian group. Suppose that Λ is a P -graph, and let Γ denote the sub-k-graph d −1 (N k × {0}) of Λ. For each g ∈ F and v ∈ Λ 0 the sets vΛ (0,g) and Λ (0,g) v are singletons. Moreover, there is an action ρ of F on Γ such that for all λ ∈ Γ and g ∈ F , the unique elements µ ∈ r(λ)Λ (0,g) and ν ∈ s(λ)Λ (0,g) satisfy µρ g (λ) = λν. Furthermore, Λ is isomorphic to the P -graph Γ × ρ F of Lemma 5.11.
Proof. The factorisation property ensures that each vertex v ∈ Λ 0 has unique factorisations v = µν with µ ∈ Λ (0,g) and ν ∈ Λ (0,−g) . Hence vΛ (0,g) = {µ}, and similarly
The map ρ preserves degree by definition. It remains to show that ρ g is a functor for each g and
Combining the two equations we get
and hence ρ g (λ 2 λ 1 ) = ρ g (λ 2 )ρ g (λ 1 ) by uniqueness of factorisations. A similar argument shows that ρ g • ρ g = ρ g+h for all g, h ∈ F .
For λ ∈ Λ (n,g) define ψ(λ) = λ (0, 0), (n, 0) , g ∈ Γ × ρ F . Then ψ is an isomorphism of P -graphs. Its inverse is given as follows: let (λ, g) ∈ Γ × ρ F and µ be the unique element in s(λ)Λ (0,g) ; then ψ −1 (λ, g) = λµ.
Corollary 5.17. Suppose that F is a countable abelian group. Then the only possible F -graphs are disjoint unions of quotients of Ω F by subgroups of F .
Proof. Let Λ be a F -graph. Then Theorem 5.16 applied in the case k = 0 shows that Λ ∼ = Γ × ρ F where Γ is a 0-graph, which is just a countable set. The group F then acts on Γ, and each orbit is of the form F/H for some subgroup H of F . Since the orbits of ρ correspond to the connected components of Γ × ρ F each component of Λ is isomorphic to F/H × τ H F where τ H is the action of F on F/H induced by translation. The result then follows from the identification of Ω F with F × τ F given in Example 5.12
Gradings of P -graph algebras induced by functors
Let P be a finitely-generated, cancellative abelian monoid of the form P ∼ = N k × Z l 2 . We will be particularly interested in gradings of twisted P -graph algebras that arise from functors from the underlying P -graphs into Z 2 .
Lemma 6.1. Let Λ be a P -graph, let δ : Λ → Z 2 be a functor and let c be a T-valued 2-cocycle on Λ. Then there is a grading automorphism α δ of C * (Λ, c) such that
Proof. The universal property of C * (Λ, c) yields an automorphism α δ satisfying (6.1). For µ, ν ∈ Λ and j ∈ Z 2 , we have
so the description of the C * (Λ, c) i follows from (2.1).
Notation 6.2. Consider nonnegative integers k, l, and let P = N k × Z l 2 , regarded as a finitely generated abelian monoid, with generators E P = {g 1 , . . . , g k+l }. Let π : P → Z 2 be the unique homomorphism such that π(g i ) = 1 for all i ≤ k + l. Given a P -graph Λ, there is a functor δ Λ : Λ → Z 2 such that
The following examples illustrate the connection between gradings of P -graph C * -algebras and twisted P -graph algebras. Specifically, the graded tensor product of graded P -graph algebras can frequently be realised as a twisted C * -algebra of the cartesianproduct graph. We return to this in Theorem 7.1.
Examples 6.3. (i) For k ≥ 1 recall from Examples 5.1(iv) that T k denotes the k-graph N k with degree functor given by the identity functor, and C * -algebra isomorphic to C(T k ). Endow C * (T 1 ) with the grading automorphism α δ T 1 induced by δ T 1 (see Notation 6.2); so the unitary generator is homogeneous of odd degree. Then the graded tensor product C * (T 1 ) ⊗ C * (T 1 ) is not abelian. To see this, let s 1 denote the unitary generator of C * (T 1 ). Then
In particular, the graded tensor product c) with grading automorphism α δ T 2 and twisting 2-cocycle c : (T 2 ) * 2 → T with values in {±1} given by
To see this, for n ∈ N let s n ∈ C * (T 1 ) denote the corresponding generator. Define
Routine calculations using the definition of multiplication and involution in the graded tensor product show that the t (m,n) are a Cuntz-Krieger (T 2 , c)-family; for example, we can check (CK2) as follows:
The universal property of C * (T 2 , c) gives a homomorphism ψ :
, and an application of the gauge-invariant uniqueness theorem (Theorem 5.9) shows that ψ is an isomorphism. Finally, one checks on generators that ψ intertwines the grading automorphisms.
(ii) Recall that Z 2 denotes Z 2 considered as a Z 2 -graph as in Examples 5.1(ii). Let δ := δ Z 2 be the identity map Z 2 → Z 2 ; so the associated grading automorphism α δ of C * (Z 2 ) makes the generator u homogeneous of degree one. Then there is an isomorphism (C * (Z 2 ), α δ ) ∼ = Cliff 1 that takes s 1 to (1, −1) and s 0 to (1, 1).
(iii) Consider the graded tensor product (C * (Z 2 ), α δ ) ⊗ (C * (Z 2 ), α δ ). As above, this is, in general, a nonabelian C * -algebra. Indeed, let c ∈ Z 2 (Z 2 × Z 2 , T) be the cocycle given by c(m, n) = (−1) m 2 n 1 . Write δ := δ Z 2 and recall that δ Z 2 ×Z 2 :
Since (C * (Z 2 ), α δ ) ∼ = Cliff 1 as graded algebras, it follows that there is a graded isomorphism C * (Z 2 × Z 2 , c) ∼ = Cliff 2 . Indeed, we will see in Corollary 7.5 that for any l ≥ 1, if c is the 2-cocycle on the Z l 2 -graph Z .9), A⋊ α Z has a grading β 1 given by β
; that is, the copy of A retains its given grading, and the generating unitary in the copy of C * (Z) is odd. Let T 1 denote N regarded as a 1-graph. The universal property of A ⋊ α Z and straightforward computations show that the map
. We return to this in the context of graph C * -algebras in Examples 8.9 (i).
In Section 7, motivated by Examples 6.3(i) and (iii), we will investigate graded tensor products of graded P -graph algebras, and show that these often coincide with twisted C * -algebras of cartesian-product graphs. To do this, we first need an alternative description of the graded C * -algebras of appropriate P -graphs as universal graded C * -algebras. Let Λ be a P -graph where P ∼ = N k × Z l 2 and let E P be the standard generators {e i : 1 ≤ i ≤ k + l} of P . We call elements of Λ with degree in E P edges.
and let Λ be a P -graph. Let c Λ be the 2-cocycle of Proposition 5.4. Then for each e ∈ E p such that 2e = 0 and each λ ∈ Λ e , there is a unique λ * ∈ s(λ)Λ e . This λ * satisfies s(λ * ) = r(λ), λλ * = r(λ), and λ * λ = s(λ). Moreover there exists a C * -algebra D such that
(1) D is generated by partial isometries {t λ : d(λ) ∈ E P } and mutually orthogonal projections
e , e ∈ E P ; (d) for all v ∈ Λ 0 and e ∈ E P we have
(2) D is universal in the sense that for any other C * -algebra D ′ generated by elements t
λ . The C * -algebra D carries a grading automorphism α satisfying α(t λ ) = −t λ whenever d(λ) ∈ E P , and α(p v ) = p v for all v ∈ Λ 0 . Moreover, if α δ Λ is the grading of C * (Λ, c Λ ) obtained from Lemma 6.1 applied to the functor (6.2), then there is a graded isomorphism π :
Proof. For the first statement, suppose that d(λ) = e with 2e = 0. We have d(s(λ)) = 0 = e + e and so the factorisation property shows that there exist λ * , ν ∈ Λ e such that s(λ) = λ * ν. Since r(λ * ) = s(λ), the pair (λ, λ * ) is composable and since λλ * ∈ Λ 2e = Λ 0 we have s(λ * ) = λλ * = r(λ). Hence, the pair (λ * , λ) is composable and λ * λ = r(λ). The factorisation property ensures that this λ * is unique. Let {s λ : λ ∈ Λ} be partial isometries generating C * (Λ, c Λ ). Let D be the universal C * -algebra generated by a family of t λ 's and p v 's satisfying (a)-(d). The universal property guarantees that D carries a grading automorphism α as described.
Define T λ = s λ and P v = s v . Then the family {P, T } satisfies conditions (c) and (d) above. Suppose that e ∈ E P satisfies 2e = 0 and that λ ∈ Λ e . Using (CK2)-(CK4) and the first paragraph, we have
and hence T λ * = T * λ . It remains to check property (a): If i = j then c Λ (e i , e j ) = −1 if j < i and c Λ (e i , e j ) = 1 otherwise. Let λ, λ ′ ∈ Λ e i , µ, µ ′ ∈ Λ e j with λµ = µ ′ λ ′ . Suppose that j < i. Then 7. Graded tensor products of twisted P -graph C * -algebras
. Let Λ be a P -graph and Γ a Q-graph. Then Λ×Γ is a P × Q graph. The functor δ Λ×Γ and the 2-cocycle c Λ×Γ defined in Proposition 5.4 via (5.1), still make sense as we are using the map π : P × Q → Z (k+a)+(l+b) 2 to define c Λ×Γ .
. Let Λ be a P -graph and Γ a Q-graph. Then there is an isomorphism of graded C * -algebras
with respect to the gradings α δ Λ×Γ and α δ Λ ⊗ α δ Γ .
Proof. By Theorem 6.4, the graded C * -algebra C * (Λ × Γ, c Λ×Γ ) is generated by families {p (v,w) , t (λ,w) , t (v,µ) } satisfying (a)-(d) of Theorem 6.4. We define
Then {P (v,w) : (v, w) ∈ Λ 0 × Γ 0 } is a family of mutually orthogonal projections. We must check that the P (v,w) and the T (λ,w) and T (v,µ) satisfy relations (a)-(d) for the (P × Q)-graph Λ × Γ and the cocycle c Λ×Γ . Condition (a) is the most difficult, and we present it here; (b)-(d) are routine.
Letλ
′λ′ . There are four combinations to check according to whether
First suppose that d(λ) = (e i , 0) and d(μ) = (e j , 0) where
We then have
since ∂s v = 0. On the other hand,
Now suppose that d(λ) = (e i , 0) and d(μ) = (0, e j ) where i = j. Thenλ = (λ, r(µ)), µ = (s(λ), µ),μ ′ = (r(λ), µ) andλ ′ = (λ, s(µ)) for some λ ∈ Λ e i and µ ∈ Γ e j . So
The remaining two cases are similar. By the universal property of C * (Λ × Γ, c Λ×Γ ) there is a map π :
is generated by the elements s λ ⊗ s µ = T (λ,r(µ)) T (s(λ),µ) . We aim to apply the gauge invariant uniqueness theorem for twisted P -graph algebras given in Proposition 5.9 to show that π is injective. For this, observe that the projections P (v,w) = s v ⊗ s w are nonzero, so it suffices to show that, identifying G P ×Q with G P × G Q in the canonical way, π is equivariant for the gauge-action γ Λ×Γ on C * (Λ × Γ, c Λ×Γ ) and the action γ
we see that π is equivariant on the generators p (v,w) , t (λ,w) , t (v,µ) , and therefore on C * (Λ × Γ, c Λ×Γ ).
An interesting special case of Theorem 7.1 occurs when Γ is the Z 2 -graph Z 2 , so that C * (Γ) ∼ = Cliff 1 as graded C * -algebras.
with respect to the gradings α δ Λ×Z 2 and α δ Λ ⊗ α δ Z 2 .
Proof. The first statement follows from Theorem 7.1 because Z 2 has trivial second cohomology, so
. The second statement follows from Examples 6.3(ii).
Remark 7.3. Since the graded tensor product with Cliff 1 is like a graded suspension operation, Corollary 7.2 has implications for graded K-theory.
for some k, l, and let Λ be a P -graph. Then
, the lth complex Clifford algebra. This isomorphism is a graded isomorphism with respect to the grading
Proof. We have C * (Z 2 ) ∼ = Cliff 1 as graded C * -algebras as discussed in Example 6.3(ii). So the result follows from an induction argument using Corollary 7.2 and the definition Cliff l+1 = Cliff l ⊗ Cliff 1 .
So far we have discussed gradings arising from functors from k-graphs into Z 2 , but there are other possible gradings including those arising from order two automorphisms of k-graphs. Let θ be an order two automorphism of a row-finite k-graph Λ with no sources. Then θ induces a grading β θ of C * (Λ) satisfying β θ (s λ ) = s θ(λ) . With respect to this grading,
}. Proposition 7.5. With notation as above there is a graded isomorphism
Proof. Direct calculation shows that the elements t (λ,i) :
i . An application of the gauge-invariant uniqueness theorem (Proposition 5.9) shows that ρ is injective; it is surjective because its image contains the generators of C * (Λ) ⊗ Cliff 1 . Therefore ρ is an isomorphism. Let α be the grading automorphism of Cliff 1 . Then
hence ρ intertwines the grading automorphisms of the two algebras.
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8. Graded K-theory of graph C * -algebras
In this section we apply the sequence (4.8) to a graph C * -algebra C * (E) graded by an automorphism α δ determined by a function δ :
Remark 8.1. Following [11] (see also [30, §8] ), given a 1-graph E, we can realise C * (E) as the Cuntz-Pimsner algebra of the graph module X(E) defined as the Hilbert-bimodule completion of C c (E 1 ), regarded as a C 0 (E 0 )-C 0 (E 0 )-bimodule under the left and right actions given by (a·x·b)(e) = a(r(e))x(e)b(s(e)), under the inner-product x, y C 0 (E 0 ) (v) = s(e)=v x(e)y(e). By [11, Proposition 4.4] this left action is by compacts if E is row-finite, and X(E) is full if E has no sinks. The left action is injective if E has no sources. Observe that C 0 (E 0 ), is separable and nuclear. It carries the trivial grading α C 0 (E 0 ) = id. Fix a function δ : E 1 → Z 2 . This δ extends uniquely to a functor δ :
There is a grading α X(E) on X(E) determined by α X(E) (1 e ) = (−1)
δ(e) 1 e . It is straightforward to check that (X, α X ) is a graded
To apply (8.1) to compute the graded K-theory of the C * -algebra associated to a 1-graph E we need to examine the central terms more closely. We describe K gr 0 (C 0 (E 0 )) in a way which allows us to compute the map
Let E be a row-finite 1-graph with no sources. By definition, we have K gr 0 (C 0 (E 0 )) = KK(C, C E 0 ). Let Cδ v be a copy {zδ v : z ∈ C} of C as a vector space with inner-product given by zδ v , z
, and there is an isomorphism θ :
, where 1 v is the generator of ZE 0 corresponding to v. Now we describe the map
(the empty sum is equal to 0 by convention). If E j denotes the subgraph (
. Let E be a row-finite 1-graph with no sources or sinks. Then with notation as above, the following diagram commutes.
Proof. It suffices to check the diagram commutes on generators 1 v . Fix v ∈ E 0 . Using Lemma 4.1 at the second equality we calculate:
This is precisely θ((A δ E ) t 1 v ).
We now use Corollary 4.5 and Lemma 8.2 to compute the graded K-theory of graph C * -algebras for suitable gradings.
Corollary 8.3. Let E be a row-finite 1-graph with no sources or sinks, and let δ : E → Z 2 be the functor determined by the function δ :
is a free abelian group with the same rank as 
coming from Example 3.5. This motivates, in part, our conjecture in Section 9 below. In particular, taking δ ≡ 0, we recover the well-known formula for the (ungraded) K-theory of a 1-graph C * -algebra [27, Theorem 4.2.4].
Examples 8.5.
(1) As in Examples 5.1, for 1 ≤ n < ∞ let B n be the 1-graph with one vertex and n edges. Fix δ : B 1 n → Z 2 , and let p := |δ −1 (1)| and q = |δ
otherwise.
(2) Let K 2 be the 1-graph associated to the complete directed graph on two vertices. Endow K 2 with the map
In particular, this and Example (1) above show that although
More generally, let Λ be a row-finite k-graph with no sources and fix p ∈ N k . Recall that the dual graph pΛ := {λ ∈ Λ : d(λ) ≥ p} is a k-graph as follows: d p (λ) = d(λ) − p, and if we use the factorisation property in Λ to write each λ ∈ Λ as λ = λt(λ) = h(λ)λ with d(t(λ)) = d(h(λ)) = p, then the range and source maps on pΛ are h and t respectively, and composition in pΛ is given by λ • p µ = λµ = λµ whenever t(λ) = h(µ) (cf. [ induces a grading α p of C * (pΛ) and hence a grading α of C * (Λ). As seen in the preceding example, this grading typically does not arise from a functor from Λ to Z 2 , but for k = 1, we can still apply Corollary 8.3 (to pΛ) to compute K gr * (C * (Λ), α). (4) Let F be the 1-graph with vertices {v n : n ∈ Z} and edges {e n , f n : n ∈ N} where r(e n ) = r(f n ) = v n and s(e n ) = s(f n ) = v n+1 . Then C * (F ) is Morita equivalent to the UHF-algebra M 2 ∞ , and so K * (C * (F )) = (Z[ 1 2 ], 0). Define δ : F 1 → Z 2 by δ(e n ) = 0 and δ(f n ) = 1 for all n. Then the matrix A δ F is the zero matrix. Hence 1 − A δ F is the identity map from ZF 0 to ZF 0 , and we obtain K gr * (C * (F ), α δ ) = (0, 0) by Corollary 8.3. (We can also recover this result by taking a direct-limit decomposition as in Example 8.7 below.) Remark 8.6. Suppose that Λ is a bipartite P -graph. That is, Λ 0 = L ⊔ R and for every edge λ ∈ Λ either s(λ) ∈ L and r(λ) ∈ R, or vice versa. Then the gradings α δ Λ of C * (Λ) and C * (Λ, c Λ ) induced by the functors δ Λ of (6.2) are inner because the grading automorphism is implemented by the self-adjoint multiplier unitary U = P L − P R . Hence [2, 14.5.2] gives K gr * (C * (Λ), α Λ ) ∼ = K * (C * (Λ)). To see why this observation is useful, observe that the skew-product of a k-graph Λ by the degree functor Λ × d Z k is bipartite with L = Λ 0 × {n ∈ Z k : i n i is even} and R = Λ 0 × {n ∈ Z k : i n i is odd}. If Λ is the 1-graph B 2 from (1), then B 2 × d Z ∼ = F where F as in (4) above. Hence, as graded algebras C * (B 2 × d Z) ∼ = C * (F ). Also, let Λ be a k-graph and let δ = δ Λ : Λ → Z 2 be as in (6.2) . Then the skew product graph Λ × δ Z 2 is bipartite (with L = Λ 0 × {0} and R = Λ 0 × {1}), and so the grading on C * (Λ × δ Z 2 ) induced by δ Λ× δ Z 2 is inner.
Example 8.7. Consider again the graph and functor of Examples 8.5 (4) . We have C * (F ) = C * (F n ) where F n is the subgraph of F with Then U is a self-adjoint unitary in C * (F n ) that implements the grading by conjugation. So the grading on each C * (F n ) is inner, and therefore K gr * (C * (F n ), α δ ) = K * (C * (F n )) = K * (M We turn next to some applications of Corollary 4.6 to the crossed products of the C * -algebra of a 1-graph E. To do this, we first need to describe the map in graded K-theory induced by an automorphism determined by a function from E 1 to Z 2 .
Lemma 8.8. Let E be a row-finite 1-graph with no sources and δ : E 1 → Z 2 a function. Let δ : E → Z 2 be the induced functor. The map α * on K gr * (C * (E), α δ ) induced by the automorphism α δ is the identity map.
Proof. Let X(E) denote be the graph module described in Remark 8.1. For v ∈ E 0 , e ∈ E 1 , the grading operator α δ on X(W ) satisfies α δ (1 v · 1 e ) = δ v,r(e) α δ (1 e ) = δ v,r(e) (−1) δ(e) 1 e = 1 v · α δ (1 e ) and similarly α δ (1 e · 1 v ) = α δ (1 e ) · 1 v . So, by linearity and continuity, α δ : X(E) → X(E) is a bimodule map. Moreover for e, f ∈ E 1 we have
δ(e)+δ(f ) 1 e , 1 f C 0 (E 0 ) = 1 s(e) if e = f 0 otherwise, which is precisely 1 e , 1 f C 0 (E 0 ) . So α δ is a graded automorphism of X(E).
Thus the final statement of Theorem 4.4 implies that α δ induces an automorphism of the exact sequence
Since this automorphism is the identity map on the two middle terms in the sequence, we deduce that it is the identity map on K gr * (C * (E), α δ ) as claimed.
Examples 8.9. (i) Recall Example 6.3(iv). Let E be a row-finite 1-graph with no sources. Give C * (E) the grading α induced by the functor δ(λ) = |λ| (mod 2). Consider the crossed product C * (E) ⋊ α Z under the gradingα satisfyingα(i A (a)i Z (n)) = (−1) n i A (α(a))i Z (n). By applying Corollary 4.6 with k = 1 (so thatα = β 1 ), and Lemma 8.8 we obtain the following exact sequence. We use this to compute K gr * (C * (E) ⊗ C * (T 1 )): Since K gr 1 (C * (E), α δ ) has no torsion, multiplication by 2 is injective on that group, so exactness implies that the right-hand boundary map is zero. Therefore K gr 0 (C * (E) ⊗ C * (T 1 )) is isomorphic to the cokernel of the times-two map on K A graded projective module Z is said to be degenerate if there is a graded projective module X such that Z ∼ = X ⊕ X op . For p ∈ P 0 (A), the graded projective module p H A is degenerate if and only if there is an odd partial isometry v such that p = v * v + vv * . Let D 0 (A) denote the collection of isomorphism classes of degenerate graded projective modules in P 0 (A). Observe that D 0 (A) forms a submonoid of V 0 (A).
Let X, Y be graded projective modules; we write X ≈ Y if there are degenerate graded projective modules Z, W such that X ⊕ Z ∼ = Y ⊕ W . Then ≈ forms an equivalence relation on graded projective modules (coarser than isomorphism) and we let L(A, α) denote the collection of equivalence classes. We write [X] L for the equivalence class of the graded projective module X. It is routine to show that the direct sum of graded projective modules yields a well-defined binary operation on L(A, α) which makes it an abelian semigroup. Recall that ℓ : C → L(X) denoted the left action of C by scalar multiplication on X. 
